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Modular symbols span a vector space closely related to a space of modular
forms, on which the action of the Hecke algebra can be described explicitly.
This makes them useful for computing with spaces of modular forms.

In this talk, we will first see that the modular symbols are nothing but
homology classes, relative to the cusps, of smooth paths from cusps in the
extended upper half plan H*, and thus they span an abelian group which
is a slight enlargement of the usual homology group. Then we will make a
mild generalisation, by showing a real (and complex) duality between the
space Q!(Xr) of differential 1-forms on the modular curve Xr (and thus
the space of weight 2 cusp forms) and the real coefficients homology group.

Let T be a subgroup of SLy(Z) of finite index and H* = H U QP! = HUQU {c0}.
Recall that SLy(Z) acts on QP' as follow : for g € SLy(Z), z € QP!

x = xtb cx+d#0,z€Q

g cx+d
g.x = 00 cx+d=0,z€Q
g.00o =2

The action is transitive as the orbit of {oo} is all QP'. In fact for ce QP (a,¢) =1
one has by Bezout’s identity

3b,d € Z such that ad —bc =1 = 3 (Z Z) € SLy(Z) , (Z b) oo =2,

c

Recall also that F\H* is a compact Hausdorff space, one can get a complex analytic

structure on F\H* =: Xr as a Riemann surface. Let 7 : H* — Xr be the natural
projection.
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1 The fundamental group and the first degree Homology

Definition 1.1. Let a, 8 € H* we define a path vy from « to 3 to be a piecewise smooth
path in H

~v:[0,1] = H*
00—«
1—p

where 7y is analytic at the end points : If the endpoints are cusps, say § = oo we require
the path to be contained in a vertical strip of finite width N and that the projection
under z — e27*/N s an analytic arc going to 0 in the unit ball.

For a, 8 € H*, one defines under the projection 7 smooth paths on the surface Xr,
[0,1]

we note by X" the set of all paths in Xr.

Proposition 1.2. Let v, v be two paths that have same endpoints. We say that
and ' are homotopic if one can be continuously deformed into another.

In particular, in H* all paths that have same endpoints are homotopic, and by analicity
of mr, their projections on Xr are homotopic.

We take the quotient of XILO’I] by the homotopy relation, and we look at homotopy
classes of paths in Xr. We are interested in a particular type of paths :

Let a and § be equivalent under the action of I', then the projection of the path
from « to g.« is a closed path (or a loop) in Xp.

Definition 1.3. The set of homotopy classes of loops (with base point mr(«)) in Xr
along with a suitable product form a group, called the Fundamental group and is
denoted 71 (Xr, mr(a)).

Note that for path-connected spaces, the fundamental group is independent of the choice
of the base point, so we will only write w1 (Xr).
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Figure 1: Fundamental group of a sphere with N holes.
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Definition 1.4. We define the first integral homology group of Xr to be the
abelianization of its fundamental group :

H(Xr,Z) := m (Xp)*® = m1(Xr) /[M(Xr)ﬂﬁ(XF)]

Recall that X is a Riemann surface of genus g. Topologically, it is a g-holed torus,
each one has two generating loops. Thus H;(Xr,Z) is a free abelian group of order

2g.

Figure 2: Hy (X, 7Z) = 729

First, let o and /3 be two points equivalent under the action of I' (e.g o, 8 € Q]P’l). Then
any path v from « to 8 in H* determines an integral homology class ¥ in Hy (Xr, Z),
which depends only on « and 3 and not on the path chosen, as H* is simply connected.
We will denote each class by {«, 8}r and call it a Modular symbol. We will omit
the index of the group when it is clear from context.

e 4]

Figure 3: The modular symbols {«, S} and {0,000}
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2 Duality

Let Q' (Xr) be the g-dimensional C-vector space of differential 1-forms on the Riemann
surface Xr.

Every integral homology class v € H; (X, Z) can be represented by a modular symbol
{a, B8} in the following way : Every homology class 7 in H;(Xr,Z) gives a homotopy
class [y] in H*. Now one has to be slightly careful, consider H° to be H \ I'i UT'p and
X{ its projection. Then one sees that 7 is an unramified covering and thus H° is the
universal cover of X2

HO ¢ H*

F~ 1

I=100,1] )/ X2 — Xr

Where 7(0) := « and (1) := § are in the same fiber, i.e are I'-equivalent. For the
other points, one works it out locally.

Now for w € Q' (Xt)
B
/w:/ﬂ'*w:/w (1)
o] v a

is well defined, since integrating over a ’homology classe’ does not depend on the path
~ (One calls this special kind of linear functional a period).
Recall that

Hl(XF,R) ~ Hl(XF,Z) ®z R

is a 2¢g-dimensional R-vector space obtained by formal extension of scalars from H; (Xr, Z)
(Explicitly, and for every ring R one just takes R-linear combinations of the 2g gener-
ators of the Z-module H;(Xr,Z), the result is then an R-module).

Theorem 2.1. The first homolgy group Hi(Xr,R) with real coefficients is dual to
OY(Xr) as R vector spaces.

Proof. Let {¥,}o<j<24 be a fixed homology basis i.e. a Z-basis of H;(Xr,Z) and
{wro<k<g a fixed basis of Q' (Xr).

— We may identify H;(Xr,R) with the space of all C-linear functionals on Q! (Xr)
as follows: given an element 7 € Hi (X, R), we can write 7 uniquely in the form

with coeflicients ¢; € R. As every integral homology class gives a C-linear func-
tional w > fﬁw, we define

29

7, w) = ch/ Wk

j=1 Vi

Then 7 corresponds to a C-linear functional w — (7§, w).
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— Conversely, given a functional f : Q'(Xr) — C, we first consider the 2g x g
complex period matrix

2= () = ([ w) (2)

Rz

By Riemann’s bilinear identities (see ref [2]) one sees that the row vectors

Qj:([ w1, ,[ wk)
Vi i

are R-linearly independents, and so their Z-span is a lattice A of rank 2g in C9.
One defines the Jacobian of Xr to be

J(Xr)=C" /)

Thus the vector (f(w1),...,f(wg)) in C? may be expressed uniquely as an R-linear
combination of the rows {2,

2g

f)=Y o [ w

j=1 R

for all w € Q*(Xr). Hence f(w) = (¥,w), where ¥ = Z?il Y5

O

In particular, let o, f € H* be arbitrary (not necessarily in the same I'-orbit) then
the functional w — [ f w corresponds to a unique element 7 € Hy(Xp, R) where

We extend thus our definition of modular symbol to be that element, namely

29
{a, Blr =7 = ZCﬁJZ- € Hi(Xr,R)
i=1

One sees that if ¢; € Z then this definition agrees with the one we had earlier.
We get then an R-biliniear pairing.

Hy(Xr,R) x Q' (Xr) — C (3)
B
({a’ﬁ}ryw)'—><{a,ﬂ}r,w>:(7,w>:Lw:/ o

which gives an exact duality between the two spaces on the left if we view Q'(Xr) as
a real vector space of dimension 2¢g by restriction of scalars from C to R.
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3 Modular symbols formalism
Motivated by this picture, we declare that the modular symbols satisfy the following
formalism, mainly homology and quotient by torsion relations :
Proposition 3.1. Let o, 3,6 € H*

1. {a,a} =0 and {a, B} +{B,a} =0

2. {e, B} +{B,6} = {a, 0}

3. For g € GLy(Q)", w € QY (Xr)

{9, 98}, w) = {ev, B}, gw)
4. ForgeT
{ga,g8}r = {a, B}r

Proof. 1. {a,a} = 0 since a loop in « is contractible.
{a, B} + {B,a} = 0 is also clear from Cauchy’s theorem.

2. {a, 8} +{B,0} —{a, 6} = {a, B} + {B,0} + {J,a} = 0 by the same argument as

in (1).

3. Let v be a path from « to 3, then g7 is a path from ga to g8. By a change of
variable we get

({a, B}, g.0) = / . / g = / o= / %;Bw — ({ga 9B}, w)

4. As g € T one has that g.v € 7 in H;(Xr,R) thus the equality.

Moreover, one deduces easily the following properties from 3.1 :

(i) Forg el
{a, ga}r = {8, 98}r

Indeed7 {aaga}r = {ayﬁ}l—‘ + {ﬁmgﬁ}l—‘ + {gﬁaga}l—‘ = {aaﬁ}l—‘ + {ﬁmgﬁ}l—‘ +
{/8704}1“ = {ﬂagﬁ}l—‘

(ii) For g1, €T
{a, 1920} = {a, gra}r + {a, g2a}r

indeed, {, g1g2a}r = {a, ratr + {g1, g1g2a}r = {a, gra}r + {a, g2a}r
And thus one gets :
Corollary 3.2. The map
I — H{(Xr,2)
g— {a, ga}

s a surjective group homomorphism, that does not depend on «.
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